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THE SUM OF TWO UNBOUNDED LINEAR OPERATORS: 
CLOSEDNESS, SELF-ADJOINTNESS AND NORMALITY 

MOHAMMED HICHEM MORTAD 



^,^, Abstract. In the present paper we give results on the closedness and the 

J^ ■ self-adjointness of the sum of two unbounded operators. We present a new 

approach to these fundamental questions in operator theory. We also prove 
a new version of the Fuglede theorem where the operators involved are all 
unbounded. This new Fuglede theorem allows us to prove (under extra condi- 
tions) that the sum of two unbounded normal operators remains normal. Also 
a result on the normality of the unbounded product of two normal operators 
is obtained as a consequence of this new "Fuglede theorem". Some interesting 
examples are also given. 



C^ ' 1. Introduction 

We start with some standard notions and results about linear operators on a 
Hilbert space. We assume the reader is familiar with other results and definitions 
l/^ I about linear operators. Some general references are [51 1^ [T51 [TCI [^ [^ i33j . 

K^ ■ All operators are assumed to be densely defined together with any operation 

involving them or their adjoints. Bounded operators are assumed to be defined on 
the whole Hilbert space. 



^vq I If A and B are two unbounded operators with domains D(A) and D{B) respec- 

^J ■ tively, then B is called an extension of A, and we write A C B, if D{A) C D{B) 

^ ; and if A and B coincide on D{A). liAcB, then B* C A*. 
p^ ■ The product AB of two unbounded operators A and B is defined by 

BA{x) = B{Ax) for x e D{BA) 

where 
^ ; D{BA) = {cc G D{A) : Ax € D{B)}. 

Since the expression AB = BA will be often met, and in order to avoid possible 
confusions, we recall that by writing AB = BA, we mean that ABx = BAx for all 
X G D{AB) = D{BA). 

Recall that the unbounded operator A, defined on a Hilbert space H, is said to 
be invertible if there exists an everywhere defined (i.e. on the whole of H) bounded 
operator B such that 

BA(lAB = I 
where / is the usual identity operator. This is the definition adopted in the present 
paper. It may be found in e.g. [2] or [8]. We insist on the inverse being defined 
everywhere since if it were not, that it is known from the literature that some of 
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the results to be proved (for instance Corollary [T]) may fail to hold. Of course, in 
some textbooks, they do not assume the inverse defined everywhere as in e.g. [ISJ. 

An unbounded operator A is said to be closed if its graph is closed; self-adjoint 
a A = A* (hence from known facts self-adjoint operators are automatically closed) ; 
normal if it is closed and AA* = A* A (this imphes that D{AA*) == D{A*A)). 

The following lemma is standard (for a proof see eg [8J) 

Lemma 1. Let A be a densely defined operator. If A is invertible, then it is closed. 

When dealing with self-adjoint and normal operators, taking adjoints is compul- 
sory, so we list some straightforward results about the adjoint of the sum and the 
product of unbounded operators. 

Theorem 1. Let A be an unbounded operator. 

(1) {A + B)* = A* + B* if B IS bounded, and {A + B)* D A* + B* if B is 
unbounded. 

(2) A + B is closed if A is assumed to be closed and if B is bounded. 

(3) {BA)* = A*B* ifB IS bounded. 

(4) A* B* C {BA)* for any unbounded B and if BA is densely defined. 

The following is also well-known 

Lemma 2. The product AB (in this order) of two closed operators is closed if one 
of the following occurs: 

(1) A is invertible, 

(2) B is bounded. 

The following lemma is essential 

Lemma 3 ([33]). If A and B are densely defined and A is invertible with inverse 
A-i in B{H), then {BA)* = A*B*. 

We include a proof (not outlined in |33j) to show the importance of assuming 
the inverse defined everywhere: 

Proof. Since A is invertible, AA^^ = I (in [13J we would have AA^^ C / only) and 
hence 

BAA-^ =B=> {A-^y{BAy c [{BA)A-^]* c B*. 
But (A-^)* = (A*)-^ and so 

A*{A*)-\BA)* = {BA)* c A*B*. 
Since we always have A*B* C (BA)* the result follows. D 

It is worth noticing that similar papers on sums and products exist. The inter- 
ested reader may look at [3j, [7], ^, [II], [12], [14], [16], [17], [18], [19], [20], [21], 
[21], [25], [3T] and [35], and further bibliography cited therein. 

Let us briefly say a few words on how the paper is organized. In the main results 
section, we start by proving the first result on the closedness of the sum. Then 
a self-adjointness result is established. Also, it is proved that the adjoint of the 
sum is the sum of the adjoints. To treat the case of the normality of the sum of 
two normal operators, we prove a new version of the Fuglede theorem where the 
operators involved are unbounded. This last result can too be used to prove a result 
on the normality of the product of two unbounded normal operators. 
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2. Main Results 

We start by the closedness of the sum. We have 

Theorem 2. Let A and B be two unbounded operators such that AB — BA. If 
A (for instance) is invertible, B is closed and D{BA^^) C D{A), then A + B is 
closed on D{B). 

Proof. First note that the domain oi A + Bis D{A) n D{B). But 

AB = BA=^ A-^B c BA-^ =^ D{B) = D{A-^B) c D{BA-^) c D{A), 

hence the domain oi A + B is D{B). 

By Lemma [I] A is automatically closed. Then we have 

A + B = A + BAA-^ 

= A + ABA-^ 

= A{I + BA-^) (since D{BA-^) C D{A)). 

Since A^^ is bounded (and B is closed), BA~^ is closed, hence by Theorem [T] 
/ + BA~^ is closed so that A{I + BA^^) is also closed by Lemmas proving the 
closedness oi A ~\- B ow D{B). D 

Remark. Before going further in this paper and since conditions of the type D{BA~^) C 
D{A) will be often met, we give an example of a couple of two unbounded oper- 
ators satisfying this latter condition. Let A and B be the two unbounded closed 
operators defined by 

Af{x) = {x^ + If fix) and Bf{x) = [x" + l)/(x) 

on their respective domains 

D{A) = {f e L\R) : (x^ + iff e ^^(R)} 

and 

D{B) = {fe L\R) : {x^ + 1)/ e L\R)}. 
The operator B is invertible with a bounded inverse given by 

B-'fix) = j^fix) 
I + x^ 

on the whole Hilbert space L^(M). Then 

1 + X^ 1 



D{AB-') = {/ G L\R) : ^^/ £ L\R), \ , J f = {l+x')f G ^^(M)} = D{B). 



Remark. The hypothesis D{BA~^) C D{A) cannot merely be dropped. As a coun- 
terexample, let A be any invertible closed operator with domain D{A) C H where 
_ff is a complex Hilbert space. Let B — —A. Then ^4 + _B = on D{A) is not 
closed. Moreover, AB = BA but 

D{BA-^) ^ D{AA-^) = D{I) = H (^ D{A). 

We now pass to the self-adjointness of the sum. We have 

Theorem 3 (cf. Lemma 4.15.1 in [26J). Let A and B be two unbounded self- 
adjoint operators such that B (for instance) is also invertible. If AB = BA and 
D{AB-'^) C D{B), then A + B is self-adjoint on D{A). 
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Proof. It is clear, thanks to D{A) = D{B-^A) C D{AB-^) C D{B), that the 
domam oi A + B is D{A). We have 

B-^ BA+B cA + B 

=AB 

and hence 

{I + B-'^A)B C A + B. 
So we have 

{A + B)* c[{I + B-^A)B]* 

=B*{I + B^"^ A)* (by Lemma [3] since B is invertible) 
=S*[/+ (B^M)*] (by Theorem[I]) 
=B*[I + A*{B-^)*] (since B'^ is bounded) 
=B{I + AB^^) (since A and B are self-adjoint) 
=B + BAB-^ (for D{AB-^) C 15(5)) 

The following known fact 

A + Bc {A + B)*, 

then makes the "inclusion" an exact equality, establishing the self-adjointness of 
A + B OYiD{A). D 

Remark. The condition D{AB^^) C D{A) cannot just be dispensed with. As 
before, take A to be any unbounded and invertible self-adjoint operator and B = 
-A. 

Remark. Of course, writing AB = BA does not mean that A and B strongly 
commute, i.e. it does not signify that their spectral projections commute. See e.g. 
U, [6], [25], HI] and [30]. 

However, a result by Devinatz-Nussbaum-von Neumann (see [4]) shows that if 
there exists a self-adjoint operator T such that T C T1T2, where Ti and T2 are 
self-adjoint, then Ti and T2 strongly commute. Thus we have 

Proposition 1. Let A and B be two unbounded self-adjoint operators such that B 
(for instance) is also invertible. If AB — BA, then A and B strongly commute. 

Proof. By Lemma |3l we may write 

{AB)* = B*A* =BA^ AB, 

i.e. AB is self-adjoint. By the Devinatz-Nussbaum-von Neumann theorem. A and 
B strongly commute. D 

We can also give a result on the adjoint of the sum of two closed operators. This 
generalizes the previous one as we will be explaining in a remark below its proof. 
Besides it will be useful in the case of the sum of two normal operators. We have 

Theorem 4. Let A and B be two unbounded invertible operators such that AB = 
BA. If D{A*{B*)-^) C D{B*), then 

{A + B)* = A* +B*. 
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Proof. The idea of proof is akin to that of Theorem [H First, we always have 

A* +B* c {A + B)*. 

Second, since A and B are both invertible, by Lemma [21 we have 

AB = BA=^ A*B* = B*A*. 

Now write 

B-^ BA+B cA + B 

=AB 

SO that 

{I + B-^A)B cA + B 

and hence 

{A + B)* c[{I + B-^A)B]* 

=B*{I + B^^A)* (by Lemma [3] since B is invertible) 
=B*[I+{B-'^Ay] (by Theorem!!]) 
=B*[I + A*{B-'^y] (since B^^ is bounded) 
=B* + B*A*{B*)-^ (as D{A*{B*)-^) C D{B*)) 
=B* + A*B*{B*)-^ (for A*B* = B* A*) 
=A* +B*. 
The proof is therefore complete. D 

Remark. We could have supposed that only B is invertible, but then we would have 
added the hypothesis B*A* C A*B*. This latter observation tells us that Theorem 
m generalizes in fact Theorem |3l 

Remark. The condition D{A*{B*)~^) C D{B*) cannot just be dispensed with. As 
before, take A to be any unbounded closed and invertible operator and B — —A. 
Then D{A*{B*)^^) C D{B*) is not satisfied. At the same time observe that 

D{A* - A*) = D{A*) ^ D{{A - A)*) = D{0*) = H, 

where H is the whole Hilbert space. 

In [2D], we proved the following result 

Theorem 5. Let A and B be two unbounded normal operators such that B is 
A-bounded with relative bound smaller than one. Assume that BA* C A*B and 
B*A C AB*. Then A + B is normal on D{A). 

To prove it, we had to use a theorem by Hess-Kato (see [H]), mainly for the 
closedness oi A + B and to have (A + B)* ^ A* + B*. Thanks to Theorems [5] & 
131 we may avoid the use of that theorem. Besides we are able here to prove a new 
version of the Fuglede theorem where all operators involved are unbounded which 
will allow us to establish the normality of the sum of two normal operators. We 
digress a bit to say that another all unbounded-operator- version of Fuglede- Put nam 
is the Fuglede-Putnam-Mortad theorem that may be found in [23j, cf. [?, ?]. 

Here is the promised result 
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Theorem 6. Let A and B be two unbounded normal and invertible operators. Then 

AB = BA=^ AB* = B*A and BA* = A*B. 
Proof. Since B is invertible, we may write 

AB = BA=^ B-^A c AB~^. 

Since B^^ is bounded and A is unbounded and normal, by the classic Fuglede 
theorem we have 

B-^A c AB-^ =^ B-^A* c A*B-\ 
Therefore, 

A*B c BA*. 
But B is invertible, then by Lemma [3] we may obtain 

AB* c {BA*)* c {A*B)* = B*A. 
Interchanging the roles of A and B, we shall get 

B*A C AB* and BA* C A*B. 

Thus 

B*A = AB* and BA* = A*B. 

D 

Remark. A similar result holds with one operator assumed normal. The key point 
again is that the inverse is bounded and everywhere defined. So since AB = BA, we 
obtain A~^B~^ C B~^A~^. Since these operators are everywhere defined, we get 
A~^B^^ — B^^A^^. The rest follows by the bounded version of Fuglede theorem. 

However, if we do not assume the bounded inverse defined everywhere, then 
AB = BA does not imply that A~^B~^ = B~^A~^. Here is a counterexample 
which appeared in [30]. It reads: 

Let S be the unilateral shift on the Hilbert space £^. We may then easily show 
that both S+S* and S-S* are injective. Hence A = {S+S*)-'^ and B = i{S-S*)-^ 
are unbounded self-adjoint such that AB = BA. Nonetheless 

A-^B-^ j^B-^A-^ 

since otherwise S and S* would commute! 

As a first consequence of Theorem [51 we have 

Theorem 7. Let A and B be two unbounded invertible normal operators with do- 
mains D {A) andD{B) respectively. If AB = BA, D{A) C D{BA*) and D[AB-'^) = 
D{A{B*)-^) C D{B), then A + B is normal on D{A). 

Proof. To prove that A + B is normal, we must say why A-\- B \& closed and show 
that 

{A + B)*{A + S) = (A + B){A + B)*. 

A-\- B \& closed thanks to Theorem [2] Also, since A and B are both normal, we 
obviously have 

D{A[B*)-^) C D{B) =^ D{A*{B*)-^) C D[B*) 

so that Theorem [3] applies and yields 

{A + B)* = A* +B*. 
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Since AB = BA, Theorem [6] implies that 

AB* = B*A and BA* = A*B. 
Since D{A) C D{BA*), we have 

D{A) c D{A*B) (c D{B)) 

and 

D{A) c D{BA*) = D{A*B) = D{AB) = D{BA) = D{B*A). 
All these domain inclusions allow us to have 

(1) A*{A + B) = A* A + A*B and B*{A + B) = B*A + B*B. 

(2) A{A* + B*) = AA* + AB* and B{A* + B*) = BA* + BB* . 

Hence we may write 

{A + B)*{A + B)= A* A + A*B + B* A + B*B 

and 

{A + B){A + B)* = AA* + AB* + BA* + BB*. 
Thus 

(A + B)*{A + B) = {A + B){A + B)*. 



D 



As another consequence of Theorem [SI we have the following result on the nor- 
mality of the product of two unbounded normal operators. 

Corollary 1. Let A and B he two unbounded invertihle normal operators. If BA = 
AB, then BA (and AB) is normal. 

Remark. By a result of Devinatz-Nussbaum (see |5]), if A, B and TV are normal 
where N = AB — BA, then A and B strongly commute. Hence we have as a 
consequence: 

Corollary 2. Let A and B be two unbounded invertible normal operators. If BA = 
AB, then A and B strongly commute. 

Now we prove Corollary [T] 

Proof. We first note that BA is closed thanks to Lemma [2] (or simply since BA 
is invertible hence Lemma [1] applies!), hence so is AB. Lemma [3] then gives us 
(AB)* ~ B*A*. By Theorem [6] we may then write 

{AB)*AB = B*A*AB 
= B*AA*B 
= AB*A*B 
= AB*BA* 
= ABB* A* 
^{AB){AB)*, 



establishing the normality of AB. D 
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Remark. In [22j we had the same result with the extra conditions D{A),D{B) C 
D{BA). Here we have showed that the last two conditions are not essential. Hence 
Corollary [T] is an improvement of the result that appeared in [22j. 

Remark. Let us give an example that shows the importance of assuming A and B 
invertible. Let B be the operator defined by 

Bf{x) = ~xf{x) ~ fix) 

on its domain 

D{B) = {/ e L^{R) : xf e L^(R)} 

where the derivative is taken in the distributional sense. Then B is normal (it is in 
fact the adjoint of the operator defined by xf'{x) on the domain {/ 6 L^(M) : xf G 
L2(R)|). Set A = B + I hence 



Afix) = -xf'ix) 

on 

D{A) = {f e L\R) : xf e L\R)}. 
We may then easily check that 

ABfix) = BAfix) = x^f'ix) 
on their common domain 

D{B^) = {fe L\R) : xf,x^f' G L^{R)}. 

Hence AB and BA are not closed, hence they are not normal. 

Now, proceeding as in |18) (where a similar operator was dealt with) we may 
show that via a form of the Mellin transform that B is unitary equivalent to the 
multiplication operator A/ defined by 

Mfix) = (x - lz)/(x) 

on its domain 

DiM) = {fe L^R) : xf £ L^iR)}. 
But AI is known to be non invertible, so neither is B nor is A. 

3. Conclusion 

Lemma 13] has played a very important role in the proofs of most of the results in 
the present paper. Of course, we could have used other similar known results in the 
literature. See for instance [T] and \^W\. Theorem [5] also played an important role 
in the proof of Theorem [71 We could have also used the Fuglede-Putnam-Mortad 
theorem which appeared in [23J . We also think that Theorem [5] should have other 
applications somewhere else. 
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